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Abstract. Given a hyperbolic subgroup H of a hyperbolic group G for 
which a Cannon-Thurston map i : dH^rdG exists, we study the limit 
set Ah of H with respect to its action on dG. We prove that the set of 
conical limit points is exactly the subset of Ah consisting of the points 
to which the Cannon- Thurston map i injects. Moreover, we show that 
when H is not quasi-convex in G, there exists a non-conical limit point 
in A H 



1. INTRODUCTION 

In a celebrated paper [TT], which was disseminated as a preprint in 1984 
but was published in 2007, Cannon and Thurston considered an equivariant 
continuous map from the points at infinity of a closed surface group ni(S) 
to the limit set of a closed hyperbolic 3-manifold M which is a fibre bundle 
over S 1 with fibre S. To be more precise, what they showed is as follows. 
Let M be a closed hyperbolic 3-manifold M fibring over a circle where the 
fibre is a closed hyperbolic surface S. Then m(M) contains the fibre group 
7Ti(5) as a normal subgroup. Let G and H be tt\{M) and tti(S) respectively 
for the moment. We denote by dH and dG the Gromov boundaries (which 
are the same as the Floyd boundaries in this situation) of H and G, which 
are homeomorphic to S 1 and S 2 respectively. The group H acts on both 
dH and dG as homeomorphisms, in the latter of which we regard H as a 
subgroup of G. Cannon and Thurston showed that the inclusion i : H^G 
extends continuously to an .ff-equivariant surjective map i : dH—^dG. The 
surjectivity of i follows from the fact that H is a normal subgroup of G. 
Thus i becomes an equivariant continuous surjection from a circle to a sphere 
which gives a beautiful 7Ti(5')-invariant Peano curve. This map is called a 
Cannon-Thurston map and has been generalised in various settings. 

The first kind of generalisation is for general finitely generated Kleinian 
groups. When G is a finitely generated group, we choose a base point o in 
HI 3 on which G acts as isometries, and consider an equivariant orbit map 
t : G— >H 3 . A Cannon-Thurston map r D is defined to be a continuous 
equivariant extension of r D from the Gromov boundary of G to the limit set 
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of G. The existence of Cannon-Thurston maps for general Kleinian groups 
has been studied in [ZEJ [20l El M, EH EE] . 

The second kind of generalisation, which is the situation we shall study 
in this paper, deals with the case when we have a hyperbolic subgroup H of 
a hyperbolic group G (in the sense of Gromov), both of which are assumed 
to be finitely generated. As in the case of Kleinian groups, we can consider 
an orbit map r e from H to a Cayley graph Tq of G by considering the 
orbit of e, where e is the origin of Tg, i.e. the identity element of G. It 
will be convenient to choose a finite generating set of G which contains 
a finite generating set of H. Then we can extend r e to an equivariant 
embedding % from Th to Tq- We consider the Gromov boundaries dG and 
dH of G and H with respect to the word metrics, which coincide with the 
Gromov boundaries of Tq and Th- When there is an equivariant continuous 
extension i : dH^dG of i : Th^Tq, we call such i a Cannon-Thurston 
map. When H is a quasi-convex subgroup of G, it is easy to see that a 
Cannon-Thurston map exists and is a topological embedding. The above 
example of a fibre subgroup by Cannon and Thurston was the first one such 
that H is not quasi-convex in G but a Cannon-Thurston map exists. Mitra 
generalised this example to the case when H is an infinite normal subgroup 
of G in [22], and also to the case when G is a graph of groups and H is an 
edge or a vertex subgroup in [23] , where the graph is finite and the edge and 
the vertex groups are quasi-isometrically embedded. Mitra in |22} I23j and 
also Kapovich and Benakli in [18] asked whether a Cannon-Thurston map 
exists for every infinite hyperbolic subgroup if of a hyperbolic group G. The 
answer is negative as was shown by Baker and Riley in and Matsuda 
and Oguni found more general counterexamples in [19J. Recently Baker 
and Riley showed that a Cannon-Thurston map can exist for a hyperbolic 
subgroup with extremely high distortion called hyperbolic hydra in [2]. 

Recall that when a group G acts isometrically on a hyperbolic metric 
space X with Gromov boundary dX, the limit set Ac is defined to be the 
set of accumulation points of the orbit G ■ x for some x G X. Studying 
the limit set gives valuable information on groups or the group actions. For 
a Kleinian group G acting on HP, a limit point lying on S^ 1 is called 
a conical limit point when it is an accumulation point of an orbit in HP 
contained in a fixed radial neighbourhood of a geodesic ray ending at that 
point. It was proved that a Kleinian group G is geometrically finite if and 
only if every limit point is either conical or parabolic fixed point [3J H]. The 
notion of conical limit points was generalised to groups acting on a compact 
metrisable space T as a convergence group. In such a case, it was shown 
that this action is uniform if and only if every limit point is conical [9l I29j. 

In this paper, for a hyperbolic subgroup H of a hyperbolic group G for 
which a Cannon-Thurston map i : dH^dG exists, we shall study the set 
of conical limit points with respect to the ii-action on dG. The first of our 
main results claims that the conical limits points coincide with the points 
of injective images of the Cannon-Thurston map. 
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Theorem 1.1. Let H be a hyperbolic subgroup of a hyperbolic group G for 
which a Cannon- Thurston map i : dH^dG exists. Then the set of conical 
limit points in dG with respect to the H -action on dG coincides with the set 
{x € dG\\i~ 1 (x)\ = 1}, where \ ■ \ denotes the cardinality. 

In particular, if H is quasi-convex subgroup of G, then every point on the 
limit set Ah of H on dG is conical. It is natural to expect the converse is 
also true, i.e. that there would be non-conical limit points on Ah when H 
is not quasi-convex in G. This is indeed the case. 

Theorem 1.2. Let H be a hyperbolic subgroup of a hyperbolic group G for 
which a Cannon- Thurston map i : dH—^dG exists. Assume that H is not 
quasi- convex in G. Then there exists a non- conical limit point with respect 
to the H-action on dG. 

2. Conical limit set 

For 5 > 0, a geodesic metric space (X, d) is called 5-hyperbolic if for 
any geodesic triangle in X, each side of the triangle is contained in the 6- 
neighborhood of the union of the other two sides. We call a geodesic metric 
space a hyperbolic space (in the sense of Gromov) if it is 5-hyperbolic for 
some 5 > 0. A hyperbolic metric space (X, d) has a boundary at infinity 
dX called the Gromov boundary which can be defined as follows. We say a 
sequence {x n } in (X, d) converges to infinity if 

liminf(xj|xj) x = oo 
for some (hence every) basepoint x, where 

(y\ z )x ■= ^(d(x, y) + d(x, z) - d(y, z)) 

for x,y,z 6 X. This product (y\z) x is called the Gromov product of y and 
z with respect to x and approximates within 25 the distance from x to any 
geodesic [y,z] joining y,z. Two sequences {x n }, {y n } C X converging to 
infinity are said to be equivalent if 

lim'mf (xi\yj) x = oo 

for some x £ X. The Gromov boundary dX is defined as the set of the 
equivalence classes of sequences converging to infinity in X. This definition 
is independent of the choice of the base point x G X. The Gromov boundary 
has a natural topology coming from an extension of the Gromov product to 
dX. A finitely generated group G is called a hyperbolic group if its Cayley 
graph Tq is hyperbolic with respect to the word metric da(-, •) with respect 
to a finite generating set of G. We denote the Gromov boundary of Tq by 
dG. For basic properties of Gromov hyperbolic spaces, hyperbolic groups 
and their Gromov boundaries, we refer the reader to [15^ I13j and [18j . 
The following definition is due to Bowditch [9] . 
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Definition 2.1. When a group G acts on a compact metrisable space T 
by homeomorphisms, this action is called a convergence action if one of the 
following equivalent conditions holds. 

(1) Let T,z(T) be a set {(x,y,z) G T 3 [ x ^ y,y ^ z, z ^ x}. Then the 
induced G-action on T,^(T) is properly discontinuous. 

(2) For every sequence {g n } of distinct elements in G, we can find a sub- 
sequence {g ni } and two points x,y € T such that g ni \T\{x} converges 
uniformly on every compact subset to a constant map to y. 

We say that G is a convergence group if its action on some compact metris- 
able space T is a convergence action. 

A convergence action is called uniform if the induced G-action on S3 (T) 
is cocompact, i.e. the quotient space £3(T)/G is compact. When G is a hy- 
perbolic group, dG has a natural topology which makes it a perfect compact 
metrisable space on which G-action is a uniform convergence action as was 
shown by Bowditch [9] . 

Definition 2.2. When a group G acts on a compact metrisable space T as 
a convergence action, a point x € T is called a conical limit point if there 
exist distinct points y,z in T and a sequence {g n } of distinct elements of G 
such that g n x^-y and g n \T\{x} converges uniformly on every compact set to 
a constant map to z as n^-oo. 

We need the following equivalent condition for a point to be a conical 
limit point. 

Lemma 2.3. Let G,T be as in De finition \2.2l A point x E T is a conical 
limit point if and only if the following condition holds. For any point y G T 
that is distinct from x, there exists a sequence {g n } of distinct elements of 
G such that (g n x, g n y)— K x oo> 2/oo) £ (T x T)\A as n— >oo where A denotes 
the diagonal subset. 

Proof. A proof can be found in Bowditch [7J. We shall give a short proof 
for a later use. The necessity is clear, so that we only need to show the 
sufficiency of the condition. We assume that the condition in our statement 
holds, and let {g n } be a sequence as given in the statement. Since the 
G-action on T is a convergence action, we can find its subsequence {g ni } 
such that either g ni \T\{x} converges uniformly on every compact subset to a 
constant map to y^ or g ni \T\{y} converges uniformly on every compact set 
to a constant map to Xoq. However the latter case cannot occur, for if the 
latter were true, g ni £— ^00 as n— >oo for any z E T\{x, y}, which contradicts 
our assumption by setting y in the statement to be z here. Therefore we see 
that g^x^-Xoo and g ni \T\{x} converges uniformly on every compact subset 
to a constant map to yoo. By letting Xoo and be y and z in Definition 
12.21 we are done. □ 

Every conical limit point is contained in Ag*. When G acts on a perfect 
compact metrisable space T as a convergence action, it is known that the 
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G-action is uniform if and only if every point in T is a conical limit point 
(see [29l [18] for example). Thus in particular, every point on dG is conical 
for a hyperbolic group G. 

Now let H be a hyperbolic subgroup of a hyperbolic group G such that 
there exists a Cannon-Thurston map i : dH^dG. We consider the i/-action 
on dG and want to characterise the conical limit points with respect to this 
subgroup action. Note that Ajj, the limit set of H coincides with the image 
of i. We can now prove Theorem II .li 

Proof of Theorem First we shall show that all the points in {x € dG \ 
\i~ 1 (x)\ = 1} are conical. 

Suppose not. Then, there exists a point x € dG with = 1 which is 

not conical. Since x is not conical, there is y S dG distinct from x for which 
there is no sequence {g n } such that {(g n x, g n y)} converges in dG x dG \ A. 
Choose some y' £ i~ 1 (y). Then since x' := i~ l (x) is a conical limit point 
in dH, there exists a sequence {h n } of distinct elements of H such that 
(h n x' , h n y')— >(x' OQ , y'ca) € (dH xdH)\A as n— >oo. On the other hand, by our 
choice of y, we see that {(h n x, h n y)} converges to a point in A, say (x^o, ^oo)> 
after passing to a subsequence. Thus we have i^x'^) = i(y'oo) = £oo- Now 
noting that (h^x'^, h~ 1 y' oa )^-(x' , y') and that i is an equivariant continuous 
map, we see that i(x') = i(y'), which contradicts our assumption that x ^ y. 

Next we shall show that there are no conical limit points of H in the set 
{x S dG | | i 1 (a?) | > 2}. Suppose, seeking a contradiction, that there exists 
a conical limit point x such that > 2. Choose y € dG such that 

y ^ x. Since x is conical with respect to the ff-action on dG, by Lemma 
12.31 there exists a sequence {h n } C H such that (h n x,h n y)^-(x 00 ,y 00 ) £ 
(dG x dG) \ A. We see by the proof of Lemma 12.31 that there is a subse- 
quence {h ni } of {h n } such that {h ni \og\{x}} converges to a constant map to 
i/oo uniformly on every compact subset. Since the i?-action on dH is a con- 
vergence action, we can find a further subsequence {h nj } and x'^y'^ € dH 
such that {h nj \dH\{x'}\ converges uniformly on every compact set to a con- 
stant map to y'^. Since {h nj \og\{x}} converges to a constant map to yoo 
and lim^oo h nj x = Xoo 7^ Uoo, by the continuity of i, this is possible only 
when x' G i~ 1 (x), y'^ € i^ 1 (y o), and by taking a subsequence again, 
we can assume that h nj (x')— yx'^ for some x'^ G i^ 1 (x 00 )- This means 
that for any x" £ i~ l (x) with x" ^ x' , (which is guaranteed to exist be- 
cause |i _1 (x)| > 2), we have(h nj x' ,h rij x")^-(x' 00 ,y' 00 ) as j—too, and hence 
^(^oo) = Kn'oo)-: which contradicts the fact that Xqo ^ yoo. □ 

3. Existence of non-conical limit points 

Recall that for k > 0, a subspace C in a geodesic metric space X is said 
to be k-quasi-convex if for all x,y £ C, any geodesic joining x, y is contained 
in the /c-neighbourhood of C. We simply say that C is quasi-convex in X if 
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C is A;-quasi-convex for some k. We say that a hyperbolic subgroup H of a 
hyperbolic group G is a quasi-convex subgroup if i(r#) is quasi-convex in Fq, 
where i is the inclusion as before. It is well known that H is quasi-convex if 
and only if Th is quasi-isometrically embedded in Tq by i. (See [lOj P- 461] 
for example). The following Proposition 13.11 shows that the limit set of an 
infinite index quasi-convex subgroup cannot fill the entire dG. 

Proposition 3.1. Let H be an infinite index hyperbolic subgroup of a hy- 
perbolic group G such that Ah = dG. Then H is not quasi- convex in G. 

Sketch of Proof. This was proved in [141 Lemma 2.9], and the key argument 
is as follows. Suppose that H is quasi-convex in G. Since H has infinite 
index in G, there exists a sequence {gi} in G such that {Hgi} forms a 
sequence of distinct right cosets. We can assume that the word length of 
gi + i is greater than gi so that {g{\ converges to some point x € dG passing 
to a subsequence. By using the quasi-convexity of H and the hyperbolicity 
of T G , we see that x cannot be contained in Ah, which is a contradiction. □ 

We remark that by [5, Prop 5.5], the above Proposition 13.11 implies that 
when H is an infinite index subgroup of a hyperbolic group G with Ah = dG, 
the harmonic measure (see [16\ [T71 [5] ) and the Patterson-Sullivan measure 
(see \27\ [2"51 I12j ) on dG are singular to each other. Here the harmonic 
measure is the limit law of a random walk with respect to a symmetric 
measure on H with finite support which generates H itself. The Patterson- 
Sullivan measure is with respect to the G-action on Tq U dG. 

Now we conclude the paper with giving the proof of Theorem 11.21 

Proof of Theorem \l.S[ We denote by d G (-, •) and dn(-, •) the path metrics on 
the Cayley graphs Tq and Th induced from the word metrics respectively. 
Since H is not quasi-convex in G, we can find two sequences of vertices 
{%n}, {y n } in T H such that any geodesic segment [i(x n ),i(y n )] G joining i{x n ) 
and i(y n ) in Tq cannot be contained in the ^-neighbourhood of i(Tn) with 
k n — >oo. We also connect x n and y n on Th by a geodesic [x n ,y n ]H- Since 
dG(i(zn),i(Vn)) < d H (x n ,y n ), we see that d H {x ni y n ) ->■ oo. 

Let p n : Tq — > [i(x n ),i(y n )]G be a nearest point projection. For each 
vertex z £ [x n ,y n ]H, we consider its image p n (z)- Since adjacent vertices of 
Th are at the distance 1 also in Tq, by the 5- hyperbolicity of G, there is a 
constant K depending only on 5 such that if z and z' are adjacent vertices 
on [x n ,y n ]H, we have dG(p n i(z),p n i(z')) < K. This implies the image of the 
vertices on i([x n ,y n ] H ) under p n is K-dense in [i(x n ),i(y n )] G . 

Since every point in a geodesic is within the distance 1/2 from a vertex, 
we can find a vertex z n ^ £ [i(x n ), i(y n )]G such that da(z ni G-i i(Tii))— ^oo as 
n— >oo. By the observation above, we can find a vertex z n ^n on [x n , y n ]H such 
that d(i(zn,H), [i{x n ),i{y n )] G ) > d G {z n , G , i(T H )) - K . In particular, we have 
d G {i{zn,H), [i{x n ),i{y n )} G ) -> oo. This also implies that d H {z njH , x n )^oo 
and d H {z n) H,yn) -> oo. 
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We translate [x n , y n ]H and [i(x n ), i(y n )]G simultaneously by the iJ-action 
on Tq, and we can assume that z n ^u = e for all n. Thus we get a sequence 
of vertices x n ,y n on Th such that e € [x n ,y n ]H, d(e,x n ) — > oo, G?(e, y n )— t>oo, 
and the distance between the geodesic segment [i(x n ),i(y n )]G and e in Tq 
goes to infinity. The last condition implies that (i(x n )\i(y n )) e — >oo, and 
hence {x n } and {y n } converge to the same point in dG, which we denote 
by q. On the other hand {x n } and {y n } converges to distinct points of 
dH, say Xqo and yoo, since the geodesic connecting them passes through e. 
Since the Cannon-Thurston map is a continuous extension, this implies that 
i{xoo) = i(yoo) = <?> and hence \i~ 1 (q)\ > 2. Therefore, by Theorem II .![ 
q € dG is a non-conical limit point of H. □ 
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